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Abstract. We derive a set of equations which are a simple model for investor behavior in a 
theoretical financial market. The model incorporates the emotional aspect of investor sentiment 
with memory of price history which decays exponentially in time. Within this model, the 
emotional reaction of the body of investors is to buy when the recent price has been increasing 
and sell when it has been decreasing. The rational motivations are based on capitalizing on the 
difference between the price and intrinsic value, with the possibility of some inertia in taking 
action. These two competing effects provide the basis for fluctuations and instability. 
1. INTRODUCTION 
Large price fluctuations in financial markets are often far in excess of the changes in intrinsic 
value. These fluctuations are generally attributed to the psychological reactions and overre- 
actions to rapid but smaller changes in fundamental value [l]. In this paper, we model the 
behavior of a theoretical financial market based on the psychological motivation of a body 
of investors. 
The modelling of a financial system with a large number of decision makers is analogous 
to modelling a physical system consisting of many degrees of freedom. The alternatives can 
be grouped into at least two categories: (i) The states (e.g., buyer, seller) of the investors 
are regarded as part of the total ensemble with individual probabilistic weighting. This is 
analogous to a statistical mechanical approach to thermodynamics. (ii) One considers the 
total number of investors in each state and the transition rates between different states with- 
out explicitly tracking the probabilistic behavior of individual investors. This is analogous 
to chemical kinetics or Boltzmann dynamics for a gas. 
It is the intent of this paper to show that such price fluctuations can be modelled in a 
deterministic way based on an equation which relates the current price change to an integral, 
C(t), involving past price and price derivative history. Our model is formulated initially in 
terms of chemical kinetics with the transition rate coefficients obtained from this c(t), which 
is reminiscent of Boltzmann kinetics. 
2. THE MODEL 
We consider a stock or commodity for which the price is determined by actions of a finite 
group of investors or speculators who may buy or sell stock or hold the stock or cash. We 
assume that the total (fixed) assets of the investors is a small fraction of the total in the 
system. At any given time, each investor (or more properly, each unit of assets) is in one of 
four states: A, B, C, D, which are respectively, stock sellers, stock sitters, cash sellers, and 
cash sitters. We let A, B, C, D denote the fraction of assets in each of the four states. 
The transitions between the various states are analogous to those in chemical kinetics - 
that is the laws of mass action. Transitions may occur from B to A, from A to D, from D 
to C, and from C to B. The corresponding rate equations are then 
dA 
dt= 
-klA + k4B 
dB 
dt= 
-k4B + k3C 
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dC 
dt= 
-k&‘+ k2D dD,kA CD 
dt 1-2 (2.1) 
where the ki will depend on the history of the price and its derivative. Note that summing 
the four equations implies that A + 3 + C + D is constant, which we set to be 1 without 
loss of generality. 
The crucial assumptions on mass psychology of investors are embedded in the rate cc+ 
efficients ki, which have two basic parts. The “emotional” aspect involves the tendency 
to sell when the price has been declining. The investors are generally aware of the price 
history of the stock, and their perception of whether the stock “has been” rising or falling 
is weighted through some decaying memory. A rapidly decaying memory emphasizes recent 
price changes very strongly, and can be expected to be more volatile than a slowly decaying 
memory. We thus have a product of the fractional change in price, i.e., P-‘dP/dt, with a 
natural function for decay; the exponential, integrated over all past times. This yields the 
first integral of (2.2) below. The “rational” aspect is based on the motivation to buy when 
the price is below the realistic or intrinsic value, Pa(t), of the stock. Here, there is also a 
decaying exponential term due to intellectual inertia, or lag time between actual changes 
and investor action, multiplied by the fractional discount. 
Hence we define the “investor sentiment” or tendency to buy as 
Here, q1 is the contribution to the “emotional” aspect, q2 is the contribution to the “intel- 
lectual” aspect, cr’ is the “memory length”, and ci’ is the “intellectual inertia”, e.g., a 
large ql and CI means that a recent sharp price increase will improve investor sentiment. 
Choosing an appropriate monotone positive function of C as, for instance, 3 + 3 tanh c(t), 
one may write: 
k2 = a f + f tanhC(t) 1, k4=fl[i-ktanh((t)]. (2.3) 
Note that since k2 is the rate at which investors decide to buy stock while k4 is the rate at 
which they decide to sell stock, we have assumed the relation kz/cr + kd/p = 1: where cr,P 
are constant amplitudes. Due to simplifications to be introduced below, it is not necessary 
to derive kl and k3. 
Next, we discuss the equation for the price, P. The relative price change should be given 
by a function, f, of buyers and sellers. That is, 
dP/dt = Pf(C/A) (2.4) 
where f is an increasing function such that f(l) = 0. For example, f(z) = 61og(z) is 
acceptable. 
The assumptions inherent in (2.2) and (2.3) lead to a preliminary interpretation for price 
fluctuations. Such fluctuations usually begin with a discrepancy between the perceived 
and realistic values of the security. The emotional tendency is a destabilizing factor in 
that a small increase in price results in an increase in C(t), which further raises the price 
(and analogously for declining prices). This is the origin of “panic buying or selling”. On 
the other hand, the latter part of (2.2) is a stabilizing factor in that a dex-iation from 
actual value (P=(t)) results in a change in investor sentiment which is in the direction of 
restoring equilibrium. This process is usually called “bargain hunting” or “profit taking”. 
Consequently, there is a basic competition between these stabilizing and destabilizing forces. 
Within our model, the result of this competition decides whether one will observe abrupt 
reversals in price (and fraction of buyers) in the absence of dramatic changes in fundamental 
value of the underlying securities. 
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3. SIMPLIFICATION OF THE MODEL 
The four equations (2.1) can be reduced to a single equation with the additional assump- 
tion that the transition from seller to sitter is very rapid. This is realistic since buy and sell 
orders are usually executed almost immediately. More precisely, we assume that 
(3.1) 
where 0 < E < 1 and 61, and is are O(1). Then letting E + 0, we see that A * 0, C -+ 0, 
klA + k4B, and k& + CSD so that (2.1) reduces to: 
dD/dt = k4B - k2D = -dB/dt. (3.2) 
From this, it is clear that D = 1 - B and therefore that 
dB/dt = kz(l -B) - kqB 
kzkl 1 - B 
C/A = _- 
k4k3 B 
which reduces the price equation (2.4) to one only involving B, namely, 
(3.3) 
(3.4) 
(3.5) 
Altogether, then, equations (3.3) and (3.5) coupled with (2.2) and (2.3) constitute the 
model based on these assumptions. 
Unlike many mathematical models of markets, a key feature of our model is the absence 
of explicit probabilistic concepts. In terms of finance, a central assumption is the use of the 
realistic value, P,,(t), which is the cornerstone of some market theorists and an irrelevant 
technicality to others. 
The price patterns which can be obtained from this model along the lines at the end 
of Section 2 can be compared not only with actual markets but with various laboratory 
experiments which have been performed recently. In a series of experiments by Smith, 
Suchanek and Williams [2], subjects were given information which constituted the “basic 
value” and were asked to bid on the “stock”. Their results indicate that boom-bust cycles are 
an intrinsic consequence of investor psychology even in the absence of such cycles in realistic 
value. In these experiments, the subjects knew the price history and the “basic” value 
as determined by the dividend yield. Our mathematical model comprises the theoretical 
analog of these features. Preliminary computations indicate that the mathematical model 
produces over-reactions, fluctuations, and oscillations similar to the laboratory experiments 
and financial markets. 
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